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1 Introduction 



Recent developments in understanding the role of integrability in the AdS/CFT correspon- 
dence have led to new challenges requiring novel mathematical methods and insights (see 
the review [1] and references therein). The Yangian symmetry of the light-cone AdS/CFT 
5-matrix has very distinctive mathematical features and is still not fully understood: it 
appears in the wider context of 'secret symmetries' [2] and deformations of quantum affine 
algebras [3], and indeed may be pointing to new types of quantum group and associated 
quantum integrable models (see the reviews [4, 5] and references therein). 

The structure of the boundary Yangian symmetry of the AdS/CFT reflection K- 
matrices, for the various boundary conditions that appear when superstrings end on differ- 
ent D-branes, is even more complicated (see [6] for a comprehensive review of integrable 
boundary conditions and [7] for the g-deformed case) . The best understood boundary con- 
ditions are the Y = 'giant graviton' DS-hvane [8] and the Y = D7-brane [9, 10], which 
share the same generalized twisted Yangian structure [11-13]. Recent progress has made 
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it clear that the D5-brane has a similar structure, based on acliiral boundary conditions 
[14-16]. These two cases correspond respectively to class A and B symmetric spaces [17]. 

In this paper we explore boundaries with non-trivial degrees of freedom and which 
preserve all of the bulk symmetry algebra, the two best-known examples being the Z = 
'giant graviton' DS-hiane [8] and the right factor of the Z = D7-brane [9, 10]. Here there 
is no natural symmetric-space structure, and the problem is rather to take the laboriously- 
computed reflection ii'-matrices of [10] and find the correct mathematical context for them. 
This turns out to employ deformations of the bulk Yangian charges only at even levels, and 
(what we shall call) the 'Heisenberg picture' of the symmetry algebra, which incorporates 
a reflection operator into the Hopf algebra structure. We explicitly construct this algebra 
and its evaluation representation. 

Organization of the paper. In section 2 we explain the general algebraic structures 
presented in this paper: we give a formal definition of our 'Heisenberg picture' of the refiec- 
tion algebra, review the Yangian symmetry and its evaluation representation, and present 
the level-2 twisted charges that are crucial in building the Yangian of a boundary which 
preserves all of the bulk Lie algebra. In section 3 we specialize to AdS/CFT, reviewing 
the Hopf algebra structure of the bulk Yangian symmetry [18], and then constructing the 
reflection Hopf algebra structure of the boundary Yangian symmetry. In section 4 we con- 
sider the representations and automorphisms of the bulk and boundary symmetry of the 
AdS/CFT superstrings. We generalize some properties of the spectrum of states and write 
down explicit forms for the bulk and boundary singlet states composed of single magnons 
and two-magnon bound-states. We finish by constructing the evaluation representation of 
the boundary Yangian. 

2 The underlying algebras 

We begin with a general description of the scattering and reflection algebras and the cor- 
responding Yangian structures in which they are embedded. 

2.1 The Schrodinger and Heisenberg pictures 

There are two ways of describing bulk and boundary scattering matrices and the associated 
symmetries, in which the emphasis is respectively on the algebra and operations within it, 
and on the modules which form particle multiplets. With a slight abuse of terminology 
we shall call these the 'Heisenberg picture' and the 'Schrodinger picture' respectively. In 
this paper we want to present the Heisenberg picture of the reflection algebra. We start 
by reviewing the scattering algebra of the integrable field theory and then proceed to the 
reflection algebra. 
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The physical bulk S-matrix is an operator acting on the tensor product of algebra 
modules in the bulk 

S : Vi{ui) CS> V2{u2) ^ V2{u2) ^ Vi{ui), (2.1) 

where algebra modules Vi are linear vector spaces and Ui are associated continuous spectral 
parameters. Modules Vi usually carry some discrete indices not shown here. This is the 
Schrodinger picture of the scattering, where the states are evolving, while the representa- 
tion of the symmetry algebra is fixed. In this picture the invariance condition under the 
symmetry algebra is 

[A(J),5]=0, (2.2) 
where the co-product of any Lie symmetry generator J is taken to be trivial 

A(J) =JI® 1 + 1«)J. (2.3) 

Let us switch to the Heisenberg picture of the scattering, which is described by the S-matrix 

5 G End (Vi(ni) 0^2(^2)), (2.4) 

equivalent to an (unbraided) i?-matrix^. In this picture the physical states are fixed, but 
the operators are altered in the scattering process, and the invariance condition for the 
5-matrix reads as 

A"Pg)S -SA{I) = 0, (2.5) 
where A"^ = PAP and P is the graded permutation operator in Vi<^Vj, i.e. 

P(xOy) = (- 1)1^1 Ij'lyfgjx, P'^ = I, (2.6) 

for any x, y £ V. At the algebra level the opposite co-product is defined as A°p = o" o A, 
where a is the two-site flip operator of the algebra. 

The physical boundary scattering i^-matrix, in the general case, is an intertwining 
operator which acts on the tensor product of bulk V{u) and boundary Vb{w) modules 

K ■.V{u)0Vb{w) ^V{-u)(^Vb{w) (2.7) 

and the condition for invariance under the symmetry algebra is 

[A(J),i^] = 0, (2.8) 

where A(J) is a trivial co-product acting on bulk and boundary modules. This is the 
Schrodinger picture of the reflection algebra. Here we have deflned the boundary module 
Vb{w) to be carrying some boundary spectral parameter w. Usually, when the boundary is 
represented as an inflnitely heavy state, it is only allowed (at most) to have some discrete 
indices, but no continuous parameter, owing to relativistic invariance. This type of realiza- 
tion in the case of a 1+1-dimensional integrable held theory with boundary was presented 

^The standard notation in the mathematical hterature is to use a 'check' to denote the Schrodinger 
picture, so that 5 = 7?. and S = TZ. 
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in [19]. Here, however, and probably owing to the non-relativistic nature of the model, in 
order to construct the boundary Yangian we must allow the boundary module to carry a 
continuous parameter. 

e want to describe the Heisenberg picture of the reflection algebra. To do so we define 
a i^T-matrix for reflection from the right boundary to be a flavor-intertwining operator of 
the bulk and boundary modules, 

)C e End {V{u)^Vb{w)) , (2.9) 

with K = V ■ K. where "P is a parity operator acting on the bulk module as 

V :V{u) ^V{-u), V^=I, (2.10) 

while leaving the boundary module invariant 

V : Vb{w) ^ Vb{w). (2.11) 

Then the requirement of invariance under the reflection algebra becomes 

N'^f{I)lC-ICA{S) = 0, (2.12) 

where we have defined the reflected co-product A'"^-'^ = VAV. It is easy to move between 
(2.8) and (2.12) 

V (a'^^-^(J) /C - /C A(JI)) = A(J) K-KA (J) (2.13) 

with the help of the parity operator. Since V affects the left, bulk module only, on the 
Hopf algebra level the reflected co-product may be realized as 

A^"^(JJ) = KoA(JJ) =|«)1 + 1«)J, (2.14) 

where we have defined 

I := k{S) (2.15) 

(with the slight abuse of notation that in the co-product k = k <^ 1). Thus k is the 
automorphism of the symmetry algebra, corresponding to the effect of boundary scattering 
on the symmetry operators in the Heisenberg picture. It is analogous to the flip operator 
a for scattering in the bulk. 

Any non-trivial braiding factors will be affected by the reflection map k. For example 
a braided co-product 

A(J) = J«)1+ZY^JI, (2.16) 
where U is some braiding factor, would have a reflected partner of the form 

A'^^iS) =l(g)l+U(g)S. (2.17) 

It is easy to see that the relation between Schrodinger and Heisenberg pictures of the 
reflection algebra is given by 

Ko A(J) =PA(J)P, (2.18) 
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and is of the same form as for the scattering algebra, 

ao A(J) = PA(J)P. 



(2.19) 



The reflection from a left boundary is treated very similarly. The flavor-intertwining 
i^-matrix for reflection from the left boundary is 

IC£End(VB{w)(^V(u)), (2.20) 

and satisfies V IC = PKP (where V has the same effect on bulk and boundary modules, 
but now in exchanged order). The requirement of invariance under the refiection algebra 
becomes 

A°P{:S) IC-K A°P-^'^^(J) = 0, (2.21) 
where we have defined the opposite refiected co-product as 

^op.re/(j) ^ ^ ^ ^op^j) = J ® 1 + 1 ® J. (2.22) 

It is related to the refiected co-product by /\°P-^^f = P/\['^f where the permutation oper- 
ator acts on the tensor product of bulk and boundary modules as 

P -.Viuj^VBiw) ^Vb{w)®V{u). (2.23) 

The explicit realization of the refiection automorphism k depends on the corresponding field 
theory. We shall explicitly construct the automorphism k for the AdS/CFT superstring in 
section 4.3. 



2.2 Yangian symmetry and the evaluation representation 

The Yangian Y(0) of a Lie algebra g is a deformation of the universal enveloping algebra 
of the polynomial algebra q[u\. It has level-0 g generators and level-1 Y(0) generators 
J"^. Their commutators have the generic form 

= /^^cJ'', [J^, J^] = f^'^J^, (2.24) 

and must obey Jacobi and Serre relations 

[Jj[^,[jj^,jjf^]]] =0, =0, (2.25) 

[J^ = ^f^%nfMGHK^^''l''r\ (2.26) 

The indices of structure constants /"^^ are lowered by the means of the inverse Killing- 
Cartan form qbd, while a is a formal level-1 deformation parameter, and which we later 
set to unity. ^ 

^The deformation parameter a may be regarded as Planck's constant when the Yangian is an auxihary 
algebra rather than, as here, composed of quantum charges [20]. 
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The co-product of the generators takes the form 

AJ^ = J^«)1 + 1«)J^, AJ^=J^®l + l0F + |/icJ'^«>J^. (2-27) 

Finite-dimensional representations of Y(g) are reahzed in one-parameter families, due 
to the 'evaluation automorphism' 

T„ : Y(0) ^ Y(s) ^ , ^ + vl^ , (2.28) 

corresponding to a shift in the polynomial variable. On (the limited set of) finite-dimensional 
irreducible representations of g which may be extended to representations of Y(0), these 
families are explicitly realized via the 'evaluation map' 

ev„ : Y(0) ^ U(g) ^ , ^ t;J^ , (2.29) 

which yields 'evaluation modules', with states \v) carrying a spectral parameter v. 

We shall build finite-dimensional representations of Y(g) by considering the tensor 
product of the two g-modules on which the bulk S-matrix acts. The action of Yangian 
generators on states in the g-module V{v) is defined via an 'evaluation map' ansatz 

^\v) = ^{v + vq)1\v) , \v)eV{v), (2.30) 

with 7 being a C-number to be determined from the field theory and vq being some rep- 
resentation parameter. The reflection automorphism k composed with the evaluation map 
ansatz gives 

i^(i)\v) =-i{-v + vo)l\v) . (2.31) 
The level-2 Y(g) charges may be defined by commuting the level-1 charges as 

1^:=-f%c[^''j% (2.32) 

when the eigenvalue Cg of the quadratic Casimir operator in the adjoint representation 
{fA^^fcBD = CqQad) is non-vanishing. Then 

[S^jB] = f^Bjc ^X^"", (2.33) 

where the non-zero extra term X^^ is constrained by the Serre relations (2.26) to satisfy 
/^^^X*^!^ = y^^C'^ where Y^^*-" is (2.26) (and thus a fixed cubic combination of level-0 
charges) [20], and by (2.32) to satisfy f\(.X^'^ = 0. The evaluation map ansatz (2.30) 
for the level-2 charges is then 

l\v) =-i'^ {v + VQfS\v) . (2.34) 

Now let us consider a boundary module Vb which in the general case respects a subal- 
gebra C g of the symmetry algebra g of the bulk module V . Then integrability requires 



-6- 



— 

f) m 



Figure 1. The subspace structure of g[u] in case of symmetric 
pair decomposition g — f) ® m. Solid lines represent subspaces 
invariant under the involution a. The twisted charges of Y(0, f)) 
live in deformations of the invariant subspaces. 

that f) be the subalgebra invariant under an involutive automorphism a of g, so that the 
splitting = f) © m, into subspaces of a eigenvalue ±1, forms a symmetric pair 

[f),f)]cf), [f),m]Cm, [m,m]cf). (2.35) 

Then the twisted Yangian Y(0, f)) is a subalgebra of Y(g) generated by the level-0 charges 
and twisted level- 1 charges 

y := jP + ^fP^j (jQ / + / jQ) , (2.36) 

where I(, J, K, ...) run over the f)-indices and P, Q{, R, ...) over the m-indices. The coprod- 
ucts of the charges and are 

A/ = /01 + 1©/, AF=F®l + l®F + a/^QjJI^«)/, (2.37) 

and satisfy the co-ideal property 

AY(0,f,) GY(0)©Y(0,f)). (2.38) 

The charges are required to be invariant under the extension of o" to the Yangian algebra, 
acting as ct(JI^) = (— l)""!^ and (t(JI^) = (— 1)"+^J^, where n is the level of the charge and 
a{a) = —a, so that is invariant under a. Thus the twisted Yangian Y{q, t}) is the 
co-ideal subalgebra of Y(0) invariant under a [21], as shown in figure 1. 

Level-2 Y{g, f)) charges may be generated by the twisted level-1 charges as for (2.32) 

by 

f ■.= ^—f [^QjP], (2.39) 
Cg - Cf, 

where J^'*^ are defined by (2.36). It is easy to see that these level-2 charges satisfy the 
CO- ideal property and are invariant under the involution a. We then have 

[FJQ] =/^«J^+X^s, (2.40) 

however finding the deformation J/ — Sj (analogous to that in (2.36)) explicitly would be 
a rather cumbersome calculation. 



Now let us turn to the case i) = Q- There is then no symmetric-pair structure, and 
no level-1 charges are conserved by the boundary. There are, however, level-2 conserved 
charges, and (by extension) we write the subalgebra of charges conserved by the boundary 
as Y(g, g), defined to be the cj-invariant co-ideal subalgebra of ¥(9) generated by the level-0 

charges J"^ and twisted level-2 charges JJ"^, where these latter are explicitly constructed to 
be invariant under the extended involution a and to satisfy the co-ideal property 

AY(g,0)cY(g)®Y(g,0). (2.41) 
Thus, in the case when Cg 7^ 0, we define J"^ to be 

= l'' + ^J%c{f%E^''['^''j''] + fV[^''j^']), (2.42) 
where the last two terms ensure the co-ideal property 

Di^U'' J""] ® J"" + J""] ® J"") + (2.43) 

Cg V y Cg 

G Y(g)«)Y(g,g), 

- i.e. that no level-1 charges act on the boundary - and the order 0{a^) terms are cubic 
in the level-0 generators and thus automatically satisfy the coideal property. 

In the case when Cg = (and gAD is degenerate), as applies in AdS/CFT, (2.32) and 
(2.42) cannot be used directly to construct level-2 charges. One (complex) way out of this 
situation is to use Drinfeld's second realization [22], as was done in [23]. Alternatively one 
may work directly from (2.33), writing it as 

fc/^s^:=[J^,P]_X^^, (2.44) 

and choosing X^^ so that this expression is non-trivial and satisfies the Serre relations. 
This approach for constructing level-2 charges for the superalgebra c)(l,2;e) (and its lim- 
iting case psu(2|2) x M^) was considered in [24]. 

However, the easiest way to construct twisted level-2 charges in this particular case 
is by observing that the term in the round brackets in the first line of (2.42) enjoys a- 
invariance and the co-ideal property in its own right. Thus (setting a set to unity) we 
define the twisted level-2 charges to be 

:= [F,P] + l^oE^^'il^J^] + ^/%JI^[JI^,F]. (2.45) 

These charges will turn out to govern the 'Z = 0' AdS/CFT boundaries, as we will show 
in the next section. 
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3 The symmetry of the AdS/CFT superstring 



The symmetry of the excitations of the hght cone string theory on AdS^ x and for the 
single-trace local operators in = 4 supersymmetric Yang-Mills gauge theory is given by 
two copies of the centrally-extended Lie superalgebra [25] 

g = psu(2|2) X Ml (3.1) 



3.1 The symmetry algebra 



Symmetry algebra g has two sets of bosonic su(2) rotation generators M^^, , two sets 
of fermionic supersymmetry generators Qq,", G^" and three central charges H, C and C^. 
The non-trivial commutation relations are 



la', 



-63' + 



(3.2) 



where a, b, ... = 1, 2 and a, /?, ... = 3, 4, and the symbols Sai with lower (or upper) 
indices represent any generators with the corresponding index. 

The psu(2|2) algebra has no matrix representation, but the centrally extended algebra 
does and the representations may traced back from the superalgebra g[(2|2) using an 51(2) 
outer-automorphism group of the algebra. This outer-automorphism reveals itself in the 
e — )- limit of the exceptional superalgebra 0(2, l;e) leading to 51(2) x psu(2|2) [26]. The 
5[(2) automorphism transforms the supercharges of the algebra as 



•</ a 

'a 



and the central charges as 

C' = ujC + u^C^ + U1U2B. 
M.' = {uivi + U2V2) 

The parameters n, and Vi satisfy the non-degeneracy requirement uivi — U2V2 
be combined into a SL{2) matrix 



C't = vfC^ + vie + V1V2M, 
2tiit;iC -|- 2n2t'2C^, 



(3.3) 



(3.4) 
1 and may 



h 



out 



Ui U2 
Vi V2 



(3.5) 



We shall be interested in the unitary representations of g. The latter requirement restricts 
the SL{2) automorphism group to its real form SU{1,1) upon imposing the unitarity 
conditions vl = ui and = U2. It is important to note that the outer-automorphism 
group leaves the combination = — 4CC^ of the central charges invariant, i.e. this 
combination defines the orbits of the SL(2). 



-9- 



3.2 Hopf algebra 



The Hopf algebra of the AdS/CFT superstring is the deformed universal enveloping algebra 
U(psu(2|2) K M^) [18]. The deformation is defined as 

AJ^ = 1 + ^/[^] ® J^, A"P JJ^ = ^/[^l + 1 J^, (3.6) 

where U is the braiding factor and its power [A] is defined to be 

[R] = [L] = [M] = 0, [Q] = +l, [G] = -l, [C] = +2, [Ct] = -2. (3.7) 

The co-products of the Hopf algebra are 

Ah^ = 1 + 1 h^, AG^ = G^(S)l+ U-^ ® G„", 

AC = COl+^Y+2(^C, AM = 1 + 1 (»IH 

AG) = G) ®l+U-^ (^C\ m=U®U, (3.8) 

and the opposite co-products become 

A°P = Mj' 1 + 1 Rl, A°P = Q„« + Q^^ 

A°P = 1 + 1 ® L„^, A°P G^ = G^ 0U-^ + l0 G^, 
A°PC = C«)W+2 + l®C, A°PH = 1 + 1 M, 

A°Pd = d®^-2^1®d, A°PU = U®U, (3.9) 

The Hopf algebra structure becomes complete after defining the antipode map S and the 
co-unit map e. The antipode map is the anti-homomorphism acting on the algebra as 

S (1) = 1, S {U) = U'\ 5(J^) = (3.10) 

and the co-unit map acts as 

e{l) = e{U) = 0, e(J^) = 0. (3.11) 

In general (off-shell) , the co-products above are not co-commutative for an arbitrary braid- 
ing factor lA^ except for the the central charge H. Requiring central charges C and to 
be co-commutative 

AC = A"P C, ACt = A"P C^ (3.12) 
the following relations are obtained 

G®{l-U+'^) = {l-U+^)®C, G^ ®{l-U-^) = {l-U-'^)®G\ (3.13) 

leading to the constraints 

Coc(l-ZY+2)^ oc (1 (3 14) 
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which fix lA making it a non-independent generator. One can further introduce universal 
proportionality coefficients a and 

C = a(l - = a\l- U-^), (3.15) 

related through the quadratic equation 

- ad - a^C = 0. (3.16) 

We want to define the reflection automorphism and the reflection Hopf algebra using 
the definitions above. Let the reflection be represented by the automorphism n acting on 
the algebra generators as 

KiJ^^J^, k:U^U=U-^, (3.17) 

and the corresponding co-product for the reflection from the right boundary we define to 
be 

A^^^JJ^ = 1 ® J^. (3.18) 

Then the co-product for the reflection from the left boundary is the reflected 'op' co-product 

The concept of co-commutativity of the algebra charges translates to the requirement 
of charge co-conservation under the reflection. This severely restricts the action of the 
automorphism k: 

k{W^) = ^1 K(Li*)=Li*, k(]HI)=M, (3.20) 

as can easily be seen from (3.8). Then the only non-trivial co-products of the reflected 
Hopf algebra are 

A"^-^ =q^®l+ U-^ ® Q^, A'-^^C = C 1 + U-"^ ® C, 

A'-^^G^" = G„°^ 1 0G„", A^'^^Ct = Ct0l+ZY+2 0C^ (3.21) 

and in the same way the only non-trivial opposite reflected co-products are 

^op.reff^a ^ ^ ^"1 + 1 ^ Q A°P-^^-^C = C®U~'^ + 

A"f-'^^^G„° = G„"«)W+^ + l«)G„", A°P-^^^d = d0ZY+2 + i^C^ (3.22) 
The co-conservation requirement of the central charges 

AH = A'^^^H, AC = A'^^-^C, AC^ = A'■'^■^C^ (3.23) 
is clearly satisfied for H, while the latter two equations give 

(C - C) 1 = (^Y~2 - ^Y+2) C, (C^ -d) 1 = (ZY+2 -Z^-2) (3.24) 

which together with the constraints (3.15) of the bulk charges lead to the following con- 
straints: 

1 = a (1 -Z^"2) 1, l(g)C = l(^a, 

Cdl = {l-U"^"^) Cdl, l®(C) = lCda\ (3.25) 

The co-conservation of the opposite co-products leads to the same constraints. 
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3.3 Yangian symmetry 



Bulk case. The explicit construction of the Yangian symmetry for planar AdS/CFT 
was first presented in [18] and has been further investigated in [2, 23, 24, 26-29]. The 
co-products of the Yangian charges are defined as 

A(JI^) = 1 + fic^^^h^ ® J^, (3.26) 

and the opposite co-products are 

A°P(JI^) = ® ^[^1 + 1 + /^^ ^ U^B^ J^. (3.27) 

The explicit expressions of the co-products are given in appendix A. It was shown in [18] 
that the co-products of the central charges may be chosen to be co-commutative not only 
at the algebra level, but also at the Yangian level. For this purpose one needs to define the 
following combinations of Yangian charges 

W = W + a^<C-aC\ C' = C + ^IH(C-2a), & = -]^W{C'^ - 2a^), (3.28) 

which we might call the 'deformed central charges'. These new deformed charges have 
almost-trivial co-products 

AM' = M' (g) 1 + 1 (g) AC' = C' 1 + C', AC^' = & ®l+ ® £)' . 

(3.29) 

The co-product of the charge H' is already co-commutative, while the co-commutativity of 
C and C^' are ensured by imposing additional constraints 

C' = /3z;cC, t^' = ^vc^^\ (3.30) 

with some universal parameters vq^ and /3. The central charges H, C, are also 
required to be co-commutative as they differ from the deformed central charges by the 
central elements of the algebra only. We can also introduce a similar ansatz 

§' = /3v//M, (3.31) 

to have a complete set of expressions of the deformed central charges with vn being some 
universal parameter as well. We have not introduced or assumed any relations between 
the parameters vc-, Vq\ and vh so far, we have merely required them to be universal'^. We 
shall arrive at a set of constraints by considering the evaluation representation. However it 
is easy to see, that even at the representation level (on-shell) vh shall stay unconstrained. 
This is because H and H' are not only co-commutative but also commutative charges. 

^One the other hand, the universahty condition is quite strong on its own. 
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Boundary case. We define the twisted Yangian Y(0, g) of the Z = giant graviton to 
be generated by the level-0 charges and twisted level-2 charges (2.45) 

:= [F J^} + (-1)I^II^I^/%J^[P, J^} + (-l)l^ll^l^/^z,i,JI^[JI^,F}, (3.32) 

where [, } represents a graded commutator and (—1)1^11-^1 with (— l)!-^!!*^! are grade factors. 
We do not present the exphcit form of these leveI-2 charges and their co-products, — they 
are complex but not very ihuminating, and are easily obtained with the help of level- 1 
charges and their co-products, as detailed in appendix A, while for finding the expressions 
of the reflected co-products one has to use (3.18) together with 

A'-^^(F) = 1^ ^ 1 + Z^-[^] F + fic^'^^^l^ ^ J^- (3-33) 



In general case, the twisted charges (3.32) are linear combinations of level-2 and level-0 
charges, and one loses track of the central elements of the algebra. For example, the charges 
defined by 

C' = e°'^6,,{Q,",Q/}, Ct' = e-'e^i^iG^^^G,"} (3.34) 

in contrast to C, and C, re not central, but rather are shifted from the center by a 
level-0 deformation, and so are not co-commutative. Thus the twisted charges C ' and C ^' 
that one would obtain using (3.32) would not be co-conserved. However, this shift may be 
easily undone in Drinfeld's second realization [22]. It was shown in [23] that the charges^ 



{iQi -W2,iQi -ws}, = {iG^^-Z2,iGi -zs}, (3.35) 



are central. Here 



1 3z % % % % 



and 



--{iGi, K3,o} - ^GsV - -^iGi + jG 3^2^ - -Ra'Gf - -Q^Ct, (3.36) 



K2,o = -M/ + - in, K3,o = - - hi. (3.37) 
Then it is easy to see that the twisted charges 

G = C' + {w2,wz}, Ct = C't + {z2,Z3}, (3.38) 

are the central elements of Y(0, g) and must be co-conserved, i.e. the following constraints 
must hold: 

AC = A'^'=-^C, AC'f = A^'^-^C^ (3.39) 



*Our notation agrees with that of [29]. 



- 13 - 



Due to their complicated structure it is hard to show that these constraints hold at the 
algebraic level. For our purposes it will be enough to consider these constraints on-shell, 
as this is sufficient to write the evaluation map ansatz for the level-2 charges acting on the 
boundary module and - crucially - to determine the associated spectral parameter related 
to the boundary states. 

4 Representations, states and dynamics of the AdS/CFT superstring 

The centrally-extended psu(2|2) algebra has several different types of finite-dimensional 
representations. The most relevant representations for AdS/CFT superstrings are called 
long (typical) and short (atypical). There are also anomalous (singlet and adjoint) rep- 
resentations. See [25] and [30] for a comprehensive review and details. A tensor product 
of two short representations generically yields a sum of long multiplets. The long repre- 
sentations are generically irreducible, but become reducible for some special eigenvalues 
of the central charges. We shall briefly review the decomposition of the tensor product 
of two fundamental representations and the tensor product of two 2-particle bound-state 
representations, as this will be important to us later on. 

The fundamental excitations (asymptotic states) of the superstring transform in the 
4-d(imensional) short (fundamental) representation 0. The tensor product of two funda- 
mental representations gives a 16-d irreducible long multiplet. This is the smallest long 
representation. At the special points (corresponding to special eigenvalues of the central 
charges) one may decompose the 16-d long multiplet into two 8-d short representations 
(totally symmetric and totally antisymmetric), or into two singlets (corresponding to the 
fundamental singlet state of the spectrum) and a minimal 14-d adjoint, which may further 
be reduced to (3 + 2x4 + 3)-d totally symmetric multiplets. We shall mainly focus on 
generic totally symmetric short and singlet representations, where the interesting physical 
states (magnons and their bound-states) of the AdS/CFT superstring live. 

Two-particle bound-states live in an 8-d totally symmetric short representation IZIZ. A 
tensor product of two such representations decomposes into a sum of two long, 16-d and 48- 
d, representations. This tensor product is very important in the scattering theory we shall 
be considering, as it is the simplest representation for which the Lie algebra is not enough 
to determine all the scattering coefficients and additional contraints are required [31]. Thus 
this representation serves as the most simple non-trivial test of Yangian symmetry. 

A general /-magnon bound state is described by a short totally symmetric representa- 
tion IZ0...0. The dimension of the representation is 2/|2/ and it may be neatly realized as 
degree-/ monomials on a graded vector space with the basis wi, 002, O3, 64, where Ua and 
601 are bosonic and fermionic variables respectively [31]. 

In this representation the centrally-extended p5u(2|2) generators are realized as the 
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differential operators 



ab UJa-x h OaTTT^ , L' = cd Wa- h 



m={ad + bc)(uja^ + ea^^ . (4.1) 

Tlie corresponding vector space is denoted as V'(p, C)) where p and C are complex parame- 
ters of the representation and correspond to the momentum and the phase of an individual 
magnon in the spin chain. The parameters a, 6, c, d are convenient representation labels 
of the states, which we shall discuss in the next paragraph. It is worth noting that the 
SL(2) automorphism (3.5) may be realized as a shift 

M : : 1 ^ I ? r 1 1 : : 1 (4-2) 

of the representation labels. 




4.1 Superstrings in the bulk 

Let us review the general concepts of the AdS/CFT superstring in the bulk: the represen- 
tation, 5-matrix and spectrum of the states. 

The bulk representation. A convenient parametrization of the representation labels 
of the l-particle bound-states in the bulk is [25, 31] 

11, c = -,/4-^, d=-J^—{—-l 






21 Cx^ 

(4.3) 

where g is a coupling constant, C, = e^*^ is the magnon phase and are the spectral 
parameters (e*^ = ^) respecting the mass-shell (multiplet-shortening) condition of the 
/-magnon bound state, 

x^ + — - X =1—. (4.4) 

x+ x~ g 



Unitarity requires r/ = e*^e* 2" y^i (x^ — a:+), where the arbitrary phase factor e^^ reflects 
the freedom in choosing x^. We shall set the phase to be 99 = p/2. This parametrization 
is in the so-called non-local (string) basis, where the non-trivial braiding factor U of the 
corresponding Hopf algebra is absorbed into the parametrization of labels, thus introducing 
the phase C- By setting C = 1 one recovers the local (spin-chain) basis of the W-deformed 
Hopf algebra (3.6). 
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The rapidity of the magnon in the x parametrization is defined to be 

u = x^-\ ■ — i-, (4.5) 

x+ g 

and the eigenvalues of the central charges of the /-magnon bound state are expressed as 

Ci = lab=y {e'P - 1) e2*« , c/ = lcd = -§5 {e-'P - l) e'^^?, 

Hi = l{ad + be) = ^P + ^g"^ sin^E, (4.6) 

where the braiding factor is set to = 

The S-matrix. The 5-matrix in superspace is realized as an intertwining differential 
operator acting on the tensor product of two algebra modules and may be represented as 
(see figure 2) 

S{pi,V2) = ^ai(pi,p2) Ai, (4.7) 

i 

where Aj span a complete basis of differential operators invariant under the 5u(2) © su(2) 
algebra and Oi(pi,P2) are S'-matrix coefficients. The exact expressions of Aj for various 
^-matrices are given in [31]. The coefficients of the fundamental S'-matrix may be found 
by demanding its invariance (2.5) under the symmetry algebra g (3.1). However, the 
symmetry algebra alone is not enough to fix uniquely all coefficients of the bound-state 
S-matrix and one additionally needs to use either the Yang-Baxter equation [10, 31] or 
Yangian symmetry [18, 27, 28]. 




Figure 2. Scattering of two well-separated magnons with momenta pi and p2 living on a long 
string and C being the reference point. 

The spectrum and the special points. The spectrum of excitations of the light cone 
superstrings in AdS/CFT includes fundamental and bound-state excitations and the singlet 
(mirror) states [30, 32]. 

Bound states appear as poles = x^ in the S-matrix, projecting it to the totally 
symmetric part of the tensor product V{pi) ® V{p2) and signalling the presence of the 
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Figure 3. Construction of a two-particle bound-state as a pole = in the S'-matrix. The 
bound-state which emerges from the S'-matrix has momentum e^P — e'^i+'P^ = ^|2. — £2. ^ 



tower of multi-particle bound-states. The new bound state emerging from the S'-matrix 
has the spectral parameters set to = and y~ = (see figure 3). 

The singlet states are composite states with vanishing total central charges and zero 
energy; however, their constituents have non-zero central charges and energy. These states 
may be understood as vacuum polarization states. They can be constructed easily by 
requiring that they be annihilated by all symmetry generators [25]. The fundamental 
singlet state is^ 

,AA\ f ^ab, ,1, ,2 I ^a/3fll/32 _ ^J^^ab, ,l, ,2 , ^0001^2 

I mv2 



and the relations among the spectral parameters are = {p2 = —pi)- Furthermore, 

there exists a tower of singlet states 



11 



12 



4^) + 



lf2^) + - 



emerging from the vacuum as pairs of particle-antiparticle bound-states, for example 



2 

^ac^bd, .1, .1, ,2, .2 



■\BB\ ^, {Vl Vl , ncna, ,i, ,i, ,Z, ,Z 



Hi Vl ^ab^aP, ,1, ,2qIq2 , ^ ^aP ^-yS nl ol o2 o2 



le^Pi eac^6d^i^i^2^2 _ ^^i^-^ e^\^^u:luleiel + \e-P e^^ eldle^,, (4.9) 



2 a o c a a o a p ' ^ 



where 1/2 = . These states live in the tensor product space V* ®V oi bulk modules, 
where V* is the module conjugate to V , and are represented as vacuum polarization bubbles 
and participate in trivial scattering (see figure 4 and figure 5) and play an important role 
in crossing symmetry [33, 34]. 



^We denote fundamental states in the bulk by capital letter A, two-particle bound-states by B and so 
on. We shall use the lover-case letters to denote boundary (bound)states. The bar above the letter denotes 
anti-particle. 
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Figure 4. Scattering of a magnon witli a singlet state. This scattering is considered to be trivial 
and is required to be equivalent to no scattering at all. 




Figure 5. Scattering of a magnon with a singlet state. The singlet state is artificially separated a 
bit for clarity. 

4.2 Superstrings on the boundary 

We now review some general concepts for open superstrings in AdS/CFT, linking them to 
well-known concepts in the bulk. 



The boundary representation. Open strings attached to the Z = giant graviton [8] 
and the right factor of the Z = Z)7-brane [9] are two well-known examples of configura- 
tions with a finite-dimensional boundary module respecting the full bulk symmetry algebra 
0. The boundary /-magnon bound-states are described by the following representation la- 
bels [8]: 

'^B = \ir,VB, ob = -W— — , CB = -\—,- — , dB = \—,-. — . (4.10) 

Unitarity implies |?7b|^ = —ixb- We choose rjB = e^^^—ixB to be the solution of the 
unitarity condition, in accordance with the bulk representation. As in the bulk case, this 
parametrization of boundary labels is in the non-local (string) basis. Then by setting C = 1 
one obtains the local (spin-chain) basis of the ZY-deformed reflection Hopf algebra (3.6) and 
(3.18). 
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The multiplet-shortening (mass-shell) condition in terms of is 

1 21 

XB + — =i-, (4.11) 

XB g 

and the eigenvalues of the central charges for the /-magnon bound-states living on the 
boundary are 

Q = laBbB = -iffe2'«, Cj = lcBdB = iffe'^^?, 

Hi = I [aedB + bscs) = \[r^V9^. (4.12) 

As one can see, the spectral parameter xb and the central charge Hi are completely deter- 
mined by the coupling constant g and the bound-state number /. 

We shah use C(p), C^(p), Hip) (bulk) and C{q), Ct(g), iJ(g) (boundary) to distin- 
guish the eigenvalues of central charges of bulk and boundary representations and use the 
underline (O) notation to distinguish the eigenvalues of bulk charges before and after the 
reflection. We shall also use bar (O) notation for the representation of antiparticle states. 

The ii'-matrix. The ii'-matrix describing the reflection of bulk states from boundary 
states may be represented in superspace in the same way as the bulk S-matrix, 

^(P,?) = l]fei(p,9)Ai, (4.13) 

where ki{p,q) are the reflection coefficients and the differential operators Aj have the same 
form as for the bulk S-matrix. Following the same pattern, the reflection coefficients of 
the fundamental ET-matrix may be found by demanding its invariance (2.12) under the 
symmetry algebra g (3.1). Once again, the Lie algebra alone is not enough to fix uniquely 
all coefficients of the bound-state X-matrix and one additionally needs to use either the 
boundary Yang-Baxter equation [10] or Yangian symmetry. 
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The central charges C and of the reflecting bulk states are not (on their own) 
preserved by the reflection, in which 

dp) = ig {e^P - 1) C, ^ r = §5 (e-'^ - 1) C, 

CHp) = -ha (e-^^ - 1) \: \CK-P) = -\9 (e^^ - l) J, 

but they are preserved by the reflection from a boundary with degrees of freedom, in the 
sense that the total central charges are conserved 

C{v) +u+^C{q) = \a {^^ - 1) c - ^<?Ce*^ = -\gC, = Qiv) +u-^C{q), 

&{p) +U-^C\q) = --Q (e-P - 1) i + ^gie-P = ^ = C} [p) +U^''C\q\ (4.15) 
as required from the considerations of the reflection algebra (3.23). 



The spectrum and the special points. The spectrum of boundary excitations is very 
much the same as the spectrum of bulk states; it includes fundamental, bound-states and 
singlet (mirror) states [8-10, 36-38] 

Boundary bound-states appear as poles x~ = xb in the i^T-matrix projecting it to the 
totally symmetric part of the tensor product Vij)) ® VB(g) of bulk and boundary modules 
signaling the presence of the tower of multi-particle boundary bound-states. The boundary 
spectral parameter is purely imaginary, hence only the states with real momentum p 
(physical states) may be absorbed by the boundary to form a bound-state. The new bound 
state has spectral parameter set io ys = (see figure 7). 

The boundary singlet states, like the bulk singlet states, are composite states with 
vanishing total central charges and zero energy, while the constituent states have non-zero 
central charges and energies. These states may be formally understood as the excitations 
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Figure 8. Open string as an excitation of a Z = giant graviton or D7-brane. 



of the corresponding D-branes.^ Boundary singlet states are constructed in the same way 
as bulk singlet states, by requiring their annihilation by all symmetry generators; one finds 
a tower of boundary singlet (bound) states 



11 



(4.16) 



where 



'niV2 

_ ■ ^ab, ,1, ,2 , ^a/3/)l/)2 
- -le U^iO^ + e "^ti^tip, 

^bb\ ^, ^ac^bd, ,1, ,1, ,2, .2 

/ B 2r]fr]^ 



(4.17) 



1 



.acM, ,1, ,1, ,2, ,2 



Vim 

^ab af3 



WbOiOl + V^e^'G'MQl (4.18) 



plus the pairs of higher-order bound-states. The boundary singlet states live in the tensor 
product space VB(^)(X'VB(g) where Vb(q) is the conjugate boundary module with respect 
to Vb- The boundary phases are C,^ = and C = and the spectral parameters are 
related as = l/a;^ , where we have added extra indices q and q to distinguish parameters 
of the left and right boundaries respectively. 



The bulk and boundary singlet states together form an open string configuration which 
may be considered as an excitation of the Z = giant graviton or (in the right factor of) 
the Z = D7-brane (see figure 8). This configuration clearly has vanishing total central 
charges and is annihilated by all symmetry generators. We believe this state might be 
useful in calculating the dressing factor of the X-matrix. 



®One must not forger that these are still 'very long' spin chains with a very large number of bulk vacuum 
fields Z but without any bulk excitations. 
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4.3 Special points and automorphisms 



The bulk mass-shell condition 

,1 12/ , , 

+ — -X" =i—, (4.19) 

x+ X g 

admits three automorphism maps x^ i— >• 1/x^, x^ i— t- —x^ and x^ i— )• — 1/x^, but actually 
only two maps are independent: the composition of any two gives the third. We shall use 
the first two maps, corresponding to the particle-antiparticle map and the reflection map. 

The boundary mass-shell condition 

12/ , , 

XB + — =i-, 4.20 
XB g 

is much less rich in automorphisms and admits only one automorphism, xb ^ ^/xb, which 
corresponds to the particle-antiparticle map. 



Particle-antiparticle map. The automorphism x i— )• 1/x maps the central charges 
and momentum to the opposite values [H,C,C^,p) i— )• [H,C,C^,p)J i.e. it maps the 
state on the positive energy branch of the dispersion relation into the state on the negative 
branch and vice versa; this is the analogue of the crossing-symmetry transformation in 
two-dimensional relativistic field theories. 

Let the states (of positive energy) transform in some module V of the symmetry algebra 
Q. Then the antiparticle states (of negative energy) transform in the conjugate module V* 
of g, which is equivalent to V up to the isomorphism p 

V = C-^p{V*)C, (4.21) 

where C is an particle-antiparticle fiavor-intertwining matrix. Let Tr{Q) be the matrix 
representation of the algebra on the positive energy (particle) states and vf (g) on the cor- 
responding negative energy (antiparticle) states. Then the representation labels (4.3) of 
antiparticle and particle states are related by 

7 — — % 

'^{p) = T (^{p)i b(p) = —ix~ b(p), cip) = —ix~^ c(p), d = d(p), (4.22) 

X+ X 

and the map p explicitly reads as^ 

p-.TtiQ)^ -Tr{pogY\ (4.23) 

where st is the super-transpose and p is a C/(l)-automorphism which, combined with the 
minus sign, is equivalent to the antipode map S of the algebra, i.e. p : n (g) n {S o g)^*; 
hence (4.21) explicitly reads as 

7T{g)=C-^7t{SogY' C. (4.24) 

''Here we use the notation that H — —H, p = —p and C, & axe the opposite values as described in [35]. 
*This map was first constructed in [33]; as a nice review we recommend [35]. 
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It is quite straightforward to check that the relation above fixes C up to an overall factor 
to be 

C=f^„^°). (425) 

The same result can be easily obtained merely by looking at the singlet state (4.8). 

Let us examine what happens when the symmetry is lifted to the Yangian symmetry. 
Let 7r(eu„(Y(g))) be the evaluation representation of the Yangian algebra of the positive 
energy (particle) states and 7f(ev^(Y(0))) be the evaluation representation of the corre- 
sponding negative energy (antiparticle) states. The spectral parameter v of the evaluation 
map (2.30) is identified with the rapidity u of the magnon [18]. The rapidity u is invariant 
under the map i— t- — that is, it is mapped to itself n i— n by the particle- 

antiparticle map. Hence it is easy to see that (4.30) trivially lifts to 

7r(e7;„(Y(0))) = C'' 7t{eVu{Y{S o g)))^* C, (4.26) 

which says that Yangian charges behave in the same way as the algebra generators under 
the particle-antiparticle map. 

The automorphism xb '-^ ^/xb of the boundary mass-shell condition maps the energy 
of the boundary state to the opposite branch of the dispersion relation, but keeps the 
eigenvalues of the boundary central charges C and unchanged. Thus to use this map 
to construct the particle-antiparticle map one needs to consider a composition of the map 
Xb ^ ^/xb together with the map C i— )• — C which sends the central charges C and 
to their opposite values and may be interpreted as an interchange of the left and right 
boundaries. This construction of the particle-antiparticle map is in agreement with the 
boundary singlet state (4.16) which is required to be invariant under it. 

Following the construction of the particle-antiparticle maps in the bulk, the boundary 
states of positive energy transform in a boundary module Vb and the states of the neg- 
ative energy transform in the conjugate module V^, which is equivalent to Vb up to the 
isomorphism pB such that 

VB = C-^PBm)C, (4.27) 

where C is a particle-antiparticle flavor-intertwining matrix and is clearly the same for bulk 
and boundary representations. As for the bulk, let iTBi^) be the matrix representation 
of the boundary algebra on the positive-energy states and vf_B({)) on the corresponding 
negative-energy states. The boundary representation labels (4.10) of the antiparticles and 
particles are related by 

1 — — % 
o-iq) = a{q), 6(g) = -ixB b{q), c{q) = ixb c{q), d= d{q). (4.28) 

XB XB 

Then the map (4.23) in the case of the boundary representation becomes 

PB:7rBii))^-7rBipBoi)y\ (4.29) 
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leading to the boundary partner of the relation (4.24) 

TTB{i})=C~^7tB{Soi)Y' C, (4.30) 
where the boundary representation of the braiding factor is trivial 

7Tb{V() = TTBiU) = 1, (4.31) 

implying that the boundary representation of the antipode map S is 

7rB(5(l)) = TTBiSiU)) = 1, TTBiSiS^)) = -7rB{I^). (4.32) 

We conclude by constructing the representation of the boundary Yangian by defining 
7i"B(ew«)(Y(g))) to be the evaluation representation of the positive energy (particle) states 
and 7fB(efu,(Y(g))) to be that of the corresponding negative energy (antiparticle) states. 
We shall explicitly define the on-shell realization of the spectral parameter w of the evalu- 
ation map of the boundary representation in section 4.5. For now we only require it to be 
invariant under the particle-antiparticle maps in accordance with the bulk representation. 
Then the relation (4.30) is being lifted to 

TTBievUyid))) = TtBiev^{YiS o g))y' C. (4.33) 

Reflection map. The automorphism i— )■ —x^ maps the momentum of the state 
to the opposite value p i— t- —p while preserving the energy H ^ H . Refiection is an 
involutive map, as it keeps the states on the same branch of the dispersion relation, — that 
is, it is an automorphism of V (or V*), and may be considered as the analogue of parity 
symmetry in two-dimensional relativistic field theories. Let us consider the refiection of 
states transforming in the module V . Let 7r(0) be the matrix representation of the algebra 
on incoming states and 7r(g) on the refiected states. The representation labels (4.3) are 
related as 

I X I X~ I I X'^ 

a(p) = V — r a{p), b{p) = - J — b{p), c{p) = -\ — c{p), d{p) = \ — d{p), (4.34) 
V x+ \ x+ \ x~ \ X 

while the central charges C and become 

Cip) = -^Cip), C\p) = -—C\p), (4.35) 

x^ X 

where the underline notation once again denotes the eigenvalues of the charges after the 
reflection. Then the two representations 7r(g) and 7r(0) are equivalent to each other up to 
the isomorphism k 

TT{g)=r-^7i{KOQ)V, (4.36) 

where V is the parity transformation matrix and is of diagonal form. The relations (4.34) 
clearly indicate that the reflection may be realized as aU (l)-automorphism k of the algebra. 
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By solving (4.36) we find that k is a map under which the representation parameters 
undergo a right shift 

Its puh-back map acts on the supersymmetry charges as 



K : 



L",G,^) ^ {-iU~'q^,iU+'G,^), (4.38) 
and on the central charges C and as 

K : (C, ct) ^ (-ZY-2 _^+2 (^t^ ^ (4_39) 

while it acts trivially on all other generators. The reflection map fixes the parity transfor- 
mation matrix to be 

-(^«.)^ <-) 

We proceed by lifting the representations of the reflection algebra to the Yangian. Let 
7r(efu(Y(0))) be the evaluation representation of the Yangian algebra on the incoming states 
and 7r(efn(Y(0))) on the reflected states. The reflection map i— )• — results in u i— )• —u 
for the rapidity of the state, leading to a minus sign appearing in the evaluation map 
(2.29). However, the parity map (2.10) reverses the sign of rapidity again thus the algebra 
representation relation (4.36) is naturally lifted to the level of the evaluation representation 

TT{eVu{Y{Q)))=V-^TL{eVuiY{KOQ)))V-\ (4.41) 



4.4 The representation of the Yangian symmetry 



The evaluation representation of the bulk Yangian symmetry was flrst considered in [18]. 
We shall extend this to include the boundary representation and the constraints arising 
from the reflection algebra. 



Bulk case. The evaluation representation is constructed with the help of the evaluation 
map ansatz (2.30) that we have considered in section 2.2, 

l\v) = -/{v + vo)S\v) . (4.42) 

The representation parameters 7 and v may be defined by considering the co-commutativity 
of the central charges of the algebra. 

The deformed central charges (3.28) in the evaluation representation (4.42) of the bulk 
module become 

C' = j{v + vo)C+ (C - 2a) = /3 vc C, 

ct' = j{v + vo) ct - in (Ct - 2at) = (3 vct Ct, (4.43) 
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where we have used constraints (3.30) and (3.31). Assuming that ah universal constant are 
equal vc = v^^ = vq, these equations have a family of solutions of the form 

V = —u + -vq - vq, (4.44) 
27 7 

where u is the rapidity (4.5) of the corresponding magnon and the parameters (3 and 7 are 
left unconstrained. The most natural choice is 

/3 = 7 = i|, (4.45) 

giving a simple, sensible solution v = u while keeping vq unconstrained. 

Boundary case. We now proceed by considering the evaluation representation of Y(g, g) 
on the boundary module. We assume that a similar ansatz to (2.34) holds for the boundary 
module ^ 

S\w) =jl{w + wofl\w) . (4.46) 

where \w) G Vb{w) is a vector of the boundary module. Then consistency with the eval- 
uation representation for the bulk module requires u^o = vq and 75 = 7, leading to the 
following evaluation representation of the charges (3.34) 

C' ^ 1 = -^g^{u + vof C (g) 1, 1®C' = 1® (^-^g^{w + vo)^^C, 

C^' (S)l = -^g\u + vofC^ 1(S)C^' = 10 (^-^g^{w + vof^C^. (4.47) 

Further, requiring co-conservation constraint (3.39) to hold, we find w'^ = —P/g'^ and also 
Vq = 0. Then by choosing the positive root we define the spectral parameter associated to 
the boundary module to be 

il 

w = -. (4.48 
9 

Let us discuss the origin of this boundary spectral parameter. It is easy to observe that 
boundary labels (4.10) and mass-shell condition (4.11) may be obtained from the bulk ones 
(4.3) and (4.4) by a simple map 1— )• ixg, I 1— ^2. This relation says that a Z-magnon 
bound-state on the boundary may be viewed as a 2/-magnon bound-state in the bulk of 
maximal momentum p = tt [37]. Thus applying this map to the bulk rapidity (4.5) 

, 1 il 1 il il il , , . . 

li = x+ + — I — > H = 2 =w, (4.49) 

x+ 9 XB g 9 g 

we get the boundary one (4.48), as required. 

It is interesting to compare this case with the reflection from the 'vertical' L>5-brane 
considered in [9, 14, 15], which also has boundary degrees of freedom attached to the 
boundary. The boundary labels and mass-shell condition of the 'vertical' D5-brane may be 
obtained from those of Z = giant graviton (and the right factor of Z = D7 brane) by 
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replacing / i— 1/2. Thus applying the map i— )• ±xb to bulk labels one recovers exactly 
the boundary labels of the 'vertical' Z)5-brane, implying that the /-magnon bound-state on 
the boundary is equivalent to a /-magnon bound-state in the bulk with momentum p = tt. 
Furthermore, this results in the boundary spectral parameter wd5 = being zero 



1 il I il il il ^ ^. 

+ — - - ^ + = = 0, 4.50 

x+ g D5 XB g g g 



as was observed in [15]. 



With the help of the evaluation representation (4.46), (4.48) of the boundary Yangian 
Y(0, g) we have checked explicitly that the twisted charges (3.32) are the symmetries of 
the fundamental reflection matrix of the Z = giant graviton [8] and the right factor of 
the Z = D7 brane [9, 10]. We have also checked that these charges define uniquely the 
reflection matrix of bulk two-magnon bound-states reflecting from boundary two-magnon 
bound-states and is consistent with the boundary Yang-Baxter equation.^ 



5 Conclusions 



In this paper we have presented the 'Heisenberg picture' of the reflection algebra and 
constructed the twisted boundary Yangian symmetry of the AdS /CFT superstring ending 
on a boundary with degrees of freedom and preserving the full bulk Lie algebra. The two 
known boundaries of this type are the Z = giant graviton (L)3-brane) and the right factor 
of the Z = D7-brane. 

The corresponding Yangian symmetry Y(0, g) is a fixed-point co-ideal subalgebra of 
the bulk Yangian Y(0) generated by level-0 and twisted level-2 generators which may be 
obtained by considering quadratic combinations of level- 1 Yangian charges and adding 
appropriate deformation terms ('twists') that ensure the co-ideal property, which here 
requires that the co-products of twisted level-2 charges include no level-1 charges acting 
on the boundary module. 

We have explicitly constructed the refiection automorphism of the AdS/CFT super- 
string symmetry algebra and presented the 'refiection Hopf algebra', which we showed to 



^Interestingly, there is also an apparently accidental symmetry of the fundamental reflection matrix 
satisfying the invariance condition /CA(J) — A'^'^^'(J)/C = 0, where A J is the usual coproduct of level-1 
charges, but ^"^^ ' is a 'modified' reflected coproduct 

A'-'=^'(J-^) = -J-^ ® 1 + ® J-^ - ficK'^'^'^S'' (4.51) 

and also the boundary is required to carry a 'strange' spectral parameter 

w^-lxB _^ , + _^ . ■ 4-52 

2 \ xb J X + x+ X + x+ 

This symmetry was also observed by T. Matsumoto and R. Nepomechie (private discussions) . However, this 
is not a symmetry of the bound-state reflection matrices, as it leads to a unique solution of the invariance 
condition which is not consistent with the boundary Yang-Baxter equation. 
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be a natural extension of the usual Hopf algebra structure to accommodate reflection. The 
notion of reflected coproducts allows us to consider the boundary representation in the 
'spin-chain' basis, in which boundary representation labels are independent of the phase 
of bulk magnons, and thus are of 'local' form. Furthermore, the reflection Hopf algebra 
structure allowed us to construct the boundary Yangian and its evaluation representation 
in a manner very similar to that for the bulk case [18]. 

We have also considered the spectrum of states of the open strings. We have shown 
that the boundary spectrum includes not only bound-states but also singlet states very 
similar to those of the bulk excitation spectrum. Furthermore, we have shown that there 
is a tower of bulk and boundary singlet states, and have explicitly constructed such states 
from two-magnon bound-states. Such states could form an open spin-chain configuration 
that might perhaps be understood as a D-brane excitation (figure 4). We certainly expect 
this configuration to be useful for finding the dressing phase of the reflection matrices. 

The most important remaining open question regarding superstrings ending on D7- 
branes is to determine the Yangian symmetry of the left factor of the Z = Z)7-brane. The 
other interesting question is how the twisted Yangians of D3-, D5- and Z)7-branes could 
be obtained from the quantum affine algebra recently constructed in [3] , and what are the 
corresponding twisted affine algebras. 
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A The co-products of Y{q) 

The co-products of the Yangian charges of the cetrally extended psu(2|2) >< M.^ are [18] 
AM„^ = i," ® 1 + 1 + ^M/ ^ - Ir^^ R/ 

+ \5',G,^U+^ + \6'iq^'U-' G,\ 
AL/ = £/ ^ 1 + 1 ^ £/ - ^ L/ + 11/ ^ L.^ 

- G,^^/+i - Q^^^/-i G,^ 

AQ^'^ = qj'^i+ <g) q^" + Iq^^ ^ R/ - Ir/ ^Y+i q^^ 

+ C^Y-i ® G J - ^e„^e"^ G J C, 

AG„" = G„" 1 +U-^ ® G„" - ^G," ^ R/ + ^M/^/-i ® G," 

- ^G,^ » + ^L/ZY-i G/ - Ig," » M + ifflZ^-i G," 

A® = H«)1 + 10S + C Gf - C"^ ® C, 
AC = C 1 + C - ^EIZY+^ C + ^C M, 

AC^ = & & + hsiU-^ CS)C^ - ^C^ ^ H. (A.l) 
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